
X-DMS 2015
eXtended Discretization MethodS

September 9-11, 2015, Ferrara, Italy

Multiscale superposition and profile computations for linear elasticity
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ABSTRACT

In many physical situations, one has to consider objects whose geometry involves different
scales. Typically, to the macroscopic description should be added a microscopic level of details:
this is the case for granulates inside concrete, or bumps on a shell. The questions we are
interested in deal in particular with mechanical properties of such materials. The mathematical
modeling of these situations consists usually of a system of partial differential equations posed
in a (2D or 3D) domain standing for the real geometry. While the theoretical aspects are usually
unaected by microscopic inhomogeneities, the numerics need special care. Indeed, taking into
account two different scales in a finite element code requires an adapted mesh refinement in
the vicinity of the defects. Resulting computations can become prohibitively costly. Hence,
usually, only the macroscopic description is preserved. The in uence of local inhomogeneities
on the global behavior of the material is then ignored. We aim at designing a numerical method
involving the two geometric scales, with a reasonable computational cost. We consider theESAIM: PROCEEDINGS 3
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Figure 1. One small interior inclusion.
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for some f 2 L2(⌦0) whose support does not contain the origin 0.
Let u0 denote the solution of the Dirichlet-Laplacian on ⌦0, that is the unperturbed problem:

⇢ ��u0 = f in ⌦0,
u0 = 0 on @⌦0.

(1.2)

We can estimate r0
"
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"

�u0 and so prove that u0 is the first order term of the expansion of u
"

. Let us explain
formally how we determine the following terms. To determine the second one, we notice that r0
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where n denotes the unit normal vector pointing into !. To catch the following term of the expansion, we lift
the Neumann conditions on @!

"

. At first order, we approximate @nu0 on @!
"

by its Taylor expansion at 0 and
only lift the condition @nr0

"

= �ru0(0) · n on @!
"

. The techniques used here rely on the notion of profile, a
normalized solution of the Laplace equation in the exterior domain obtained by blow-up of the perturbation.
Let us recall here a classical result about the existence and behavior of the profile (see [3]):

Proposition 1.1. Let ! be a smooth bounded domain of R2
with 0 2 !. We assume that g 2 H�1/2(@!)

satisfies hg, 1iH�1/2⇥H1/2 = 0. Then the boundary value problem
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��V = 0 in R2\!,
@nV = g on @!,

V ! 0 at infinity,
(1.3)

admits a unique weak solution V0 in the variational space

⇢
V ; rV 2 L2(R2\!) and

V

(1 + |X|) log(2 + |X|) 2 L2(R2\!)
�

.

Furthermore, this solution can be decomposed as

V0(X) =
nX

k=1

V0,k

(X) + O1(|X|�n+1), (1.4)

where V0,k

is an homogeneous harmonic function of order �k and V0,k

2 O1(|X|�k), that is to say V0,k

2
L(R2\!) and for any multi-indice i 2 N2

, there exists a positive constant C
i,k

such that

|X|k+|i||@iV0,k

(X)|  C
i,k

, 8X 2 R2\!.

Figure 1: A simplified geometry.

Lamé equations in a domain Ωε = Ω0 \ ωε, where ωε = εω is a small inclusion inside Ω0 (we
assume that the origin of the coordinates lies inside ω and Ω0).

−µ∆uε − (λ+ µ)grad divuε = f in Ωε,
uε = 0 on ∂Ω0,
σ · n = 0 on ∂ωε,

(1)

where λ and µ are the Lamé coefficients, and f a given loading. It can be shown – see [3, 2] –
The expansion of uε takes the form

uε(x) = u0(x)− ε a ·V
(x
ε

)
+ rε(x), (2)
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with

• u0 solve Problem (1) for ε = 0 (i.e. solution in the unperturbed domain Ω0),

• the vectorial coefficient a depends on the the stress values associated with u0 at point 0.

• the profile V is solution to an exterior problem{
−µ∆V − (λ+ µ) grad divV = 0 in R2 \ ω,∑2

j=1 σij(V)nj = Gi on ∂ω,
(3)

where the datum G only depend on the geometry of ω.

• the remainder rε satisfies the following estimate in the energy norm

‖rε‖H1(Ωε) ≤ Cε2. (4)

Solving Problem (3) is the crucial point of the method. A classical approach consists in bound-
ing the computational domain with a Ball BR of radius R, and setting an approximate boundary
condition on ∂BR. We have shown in [1] that a condition at order 1 reads

R(1 + ν)

E
σ(u) · n +

1

2

[
− ν

2(1−ν)
0

0 1−ν
1−2ν

]
∆τu + u = 0, (5)

where ∆τ denotes the Laplace-Beltrami operator on ∂BR. Existence and uniqueness do not
follow from standard techniques for this non-coercive problem. The general situation is that,
except for a countable set of values for R, the problem with condition (5) admits a unique
solution. It is actually shown only for ω near a ball, but numerical computations suggest it
remains true in a wider framework.
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